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BANDED SURFACES, BANDED LINKS, BAND INDICES AND
GENERA OF LINKS
DONGSEOK KIM, YOUNG SOO KWON, AND JAEUN LEE
Abstract. Every link is shown to be presentable as a boundary of an unknotted
flat banded surface. A (flat) banded link is defined as a boundary of an unknotted
(flat) banded surface. A link’s (flat) band index is defined as the minimum number
of bands required to present the link as boundaries of an unknotted (flat) banded
surface. Banded links of small (flat, respectively) band index are considered here.
Some upper bounds are provided for these band indices of a link using braid rep-
resentatives and canonical Seifert surfaces of the link. The relation between the
band indices and genera of links is studied and the band indices of pretzel knots are
calculated.
1. Introduction
A classical goal in knot theory is to find a suitable representative or invariant for
links to establish their classification. The closure of a braid in the classical Artin
group is a powerful tool [2, 30], though it fails to achieve the original goal because of
the lack of control on the second Markov move. Representation theory of quantum
groups has allowed extension of links’ polynomial invariants, but still needs further
explorations [27, 29].
Milnor invariants led to a different representative “the string link” which allowed the
classification of links with small numbers of components up to link homotopy [16,19].
String links can be defined in different ways [12,17–19]. The definition employed here
is closely related to the banded surfaces on page 191 of Kauffman’s On knots [12].
Compact orientable surfaces are important in the study of links and 3-manifolds.
Known as Seifert surface, these surfaces were first proven by Seifert using an algorithm
on a diagram of L that would also take his name [25]. Some Seifert surfaces feature
extra structures, for example, Seifert surfaces obtained by plumbings annuli have
shown the fibreness of links and surfaces [6, 7, 10, 21–23, 26]. Such plumbing surfaces
are well demonstrated [5, 11, 13]. However, they have natural geometric restrictions
to avoid ambiguities in construction. For geometrically flexible Seifert surfaces, (flat)
banded surfaces are considered here as given by Kauffman [12]. A (flat) banded link
is defined here as the boundary of a (flat) banded surface. The flexibility in the
definition of banded links facilitates the finding of a banded surface for a given link.
However for a flat banded surface, analysis of constructions is different. This article
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(a)
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Figure 1. (a) a 3-string link and (b) a framed 3-string link.
(a) (b)
D +
Figure 2. (a) A 2-band and (b) its banded surface with a blackboard framing.
sets out to show the existence of such a flat banded surface for every link. A link’s
(flat) band index is defined as the minimum number of bands required to represent it
by a (flat, respectively) banded link. Band indices are then related to the genera of
links.
This article is structured as follows. Precise definitions of banded surfaces, flat
banded surfaces, banded links and band indices are presented in Section 2. Section 3
demonstrates the existence of banded surfaces and flat banded surfaces. In Section 4,
some examples of banded links are discussed and classification theorems for links of
small band index are presented. Upper bounds for band indices are given in Section 5.
In Section 6, we explores the relations between these band indices and the genera of
links which provides some lower bounds for these band indices. The exact band indices
for some pretzel knots are then found.
2. Preliminaries and definitions
Of the many definitions of string links [12,17–19], Kauffman’s definition of banded
surfaces on page 191 of On knots [12] is used here as a basis. Let M be a set of
2n distinct points on the x-axis and an n-string link S is an ordered collection of n
disjoint unknotted arcs properly embedded (R3,M) in such a way, the set of ends of
the arcs is exactly N . The definition of the n-string link used here is different from
Kauffman’s, which allows the possibility of knotted arcs [12]. A framed string link
(S, µ) is defined with S as an n-string link and µ = (m1, m2, . . ., mn) as a framing
on S. A 3-string link and a framed 3-string link are illustrated in Figure 1.
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Kauffman obtained a banded surface B from an n-string link S by attaching a disc
D with a blackboard framing as depicted in Figure 2 (b). Similarly, a framed banded
surface is produced here by replacing each arc by a band (each arc in the middle of
the band is called a core) where a prefixed framing on the band represents mi full
twists; precisely, mi is the linking number between a closed path α which is a path
sum of the core of the i-th band of S and any path joining both ends of the core in
D and its push up α+ towards to the positive normal direction (as indicated “+” in
Figure 2). The linking number discussed here does not depend on the choice of path
on D. The boundary of an n-banded surface has at most n+ 1 components, and the
number of components is always congruent to n + 1 modulo 2. In particular, if all
framings of an n-banded surface are zero, it is called a flat n-banded surface. Further,
all bands in these banded surfaces may be linked but not knotted because they have
come from string links. If bands are allowed to be knotted, then knotted banded
surface results. Although, banded surfaces are easily constructible for links, proving
the existence of a flat banded surface of a given link is not simple. The existence of
flat banded surfaces from knotted banded surfaces is provided in Theorem 3.4, from
closed braids in Theorem 5.4 and from canonical Seifert surfaces in Theorem 5.7.
From this, definitions of the band index and the flat band index can follow. The band
index of a link L, denoted by B(L) is n if there exists an n-banded surface F which
is obtained from an n-string link S such that the boundary of the surface F is L but
there does not exist any k-banded surface which is obtained from a k-string link T for
any positive integer k less than n. Similarly the flat band index of a link L, denoted
by FB(L), can be defined as the minimal number of bands of a flat banded surface
whose boundary is L.
3. Existence of flat banded surfaces for a link
This section provides a proof of the existence of a flat banded surface for a given
link. Knot theory’s standard definitions and notations can be found in [1].
It is already proven that all links are boundaries of knotted banded surfaces which
might have more than one disc. We first prove that banded surfaces of more than two
discs can be modified to banded surfaces of a single disc without changing the link
type of the boundary of the banded surfaces in Lemma 3.1. Next in Lemma 3.2, if
some bands in a banded surface are knotted, the surface is shown to be manipulable to
make all the bands unknotted without changing the link type of the boundaries of the
banded surfaces. Finally Lemma 3.3 shows that a non-flat band in a banded surface
can be deformed into flat bands without changing the link type of the boundaries of
the banded surfaces. These lemmas together can be used to prove in Theorem 3.4
that there exists a flat banded surface for a given link.
Lemma 3.1. Let B be a knotted banded surface of a link L, where B has more
than two discs. Then, there exists a knotted banded surface C of a single disc whose
boundary is the link L.
Proof. A banded surface of two discs need to inductively demonstrated to be isotop
to a banded surface of a single disc. If both discs are not attached by a band, it is
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Figure 3. (a), (b) Isotopy showing that the trivial link of two compo-
nents is a banded surface with a single disc and (c), (d) isotopy showing
that a banded surface of two disc can be isotop to a banded surface of
one disc without changing the link type of the boundary.
a trivial link of two components which can be isotop to a banded surface of one disc
and one band as illustrated in Figure 3 (a), (b). Next consider a disc D1 having at
least one band as depicted in Figure 3 (c). This band can be isotoped as depicted in
Figure 3 (d) by creating a new band to the other disc D2. Sliding all bands on D2 to
D2 along a band between them leads to a banded surface of a single disc by shrinking
the disc D2. 
Before considering the next lemma, we first define a height function φ of a knotted
banded surface as drawn in R2. The discs in the knotted banded surface can be
assumed to be the unit disc {(x, y)|x2 + y2 ≤ 1}. The height φ(s, t) of a point
(s, t) in the core of bands in a knotted banded surface can then be defined by the
Euclidean distance d((s, t), (0, 0)). We can perturb the knotted banded surface in
general position so that φ has only finitely many local minima on the core of each
band. By the normal surface theory, if φ has no local minimum at the core of each
band, then it is already a banded surface for which all bands are unknotted.
Lemma 3.2. Let B be a knotted banded diagram of a link L where B has k-knotted
bands. Then there exists a knotted banded diagram C of the link L which has (k− 1)-
knotted bands.
Proof. If B has a knotted band b1 then the height function φ on the core of the band
b1 has at least one but finitely many local minima. For such a local minimum, pulling
down the band b1 toward the disc leads to the isotopy as illustrated in Figure 3 (d).
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Figure 4. The move which removes a full twist in a band by adding
two flat bands without changing the link type.
This process decreases by one the number of the local minima of the height function
on the core of the bands in the banded surface B and increase by one the number of
band which does not have a local minimum. By repeating this process until the height
function φ on the core of the band b1 has no minimum, we obtain a banded surface
C for which the band corresponding to b1 is unknotted. It completes the proof. 
Lemma 3.3. Let B be a unknotted banded surface of a link L where B has at least
one band with nonzero framing. Then there exists a flat unknotted banded surface C
of the link L.
Proof. If a band in a unknotted banded surface of a link L has m full twists, the
move shown in Figure 4 can be repeated until a flat band results. By performing this
process for each band, a flat unknotted banded surface C of the link L is left. 
Theorem 3.4. For a given link L, there exists a flat unknotted banded surface F
whose boundary is the link L.
Proof. For a given link L, there exists a knotted banded surface B whose boundary
is the link L. If B has more than one discs, we apply Lemma 3.1 to have a knotted
banded surface C with a single disc. If one of bands in the knotted banded surface
C is knotted, we apply Lemma 3.2 inductively to have a banded surface E without
a local minimum at the core of each band. At last, by applying Lemma 3.3 we can
isotop E to a flat unknotted banded surface F whose boundary is the link L. 
4. Banded surfaces and flat banded surfaces of small indices
This section considers banded links of band index 0, 1 or 2. One can easily see that
a link L has a (flat) band index 0 if and only if it is the trivial knot. As any band in
a banded surface is not allowed to be knotted, the banded surface of band index 1 is
a disc with one band of n-full twists. Therefore, a link L has band index 1 if and only
if L is a closed 2-braid (σ1)2n where each string in the braid is oppositely aligned. A
link L has flat band index 1 if and only if it is the trivial link of two components as
depicted in Figure 3 (a). Considered next are links of band index 2 and flat band
index 2. Lemma 4.1 shows the relation between links of band index n and links of
flat band index n.
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D
Figure 5. A pattern for producing satellite knots of flat band index 2.
(a)
D
(b)
D
Figure 6. The local structure around the disc D of a flat 2-banded
surface B; the dark gray line represents an unknotted 2 component link
L.
Lemma 4.1. A link L is an n-banded link if and only if there exists a flat n-banded
link F such that L is obtained from F by adding suitable full twists on each band.
Lemma 4.1 allows consideration of only flat 2-band knots. The first example, Ex-
ample 4.2, can be used to produce many flat 2-band knots.
Example 4.2. Let B be a flat 2-banded surface, whose cores are embedded in a thick-
ened annulus, as shown in figure 5. Assume its conversion into bands using the
blackboard framing convention. If the annulus containing the bands is used to form a
satellite of a knot K then the resulting surface consists of 2 bands which are individ-
ually unknotted, and so its boundary, a non-trivial satellite of K, is a flat 2-banded
knot.
This provides examples of flat 2-banded knots and also demonstrates a framework
for discussing all possible flat 2-banded knots as stated in Theorem 4.3.
Theorem 4.3. A knot K is a flat 2-banded knot if and only if there exits a 2 com-
ponent link L whose components L1, L2 are unknotted such that K is the boundary of
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(a)
D
(b)
Figure 7. 2-banded surfaces of (a) the trefoil knot and (b) the figure
eight knot.
a surface which is obtained from two untwisted bands that are deformation retracts of
L by plumbing at one of the crossing between L1 and L2.
Proof. LetK be a flat 2-banded knot with a flat banded surface B. The local structure
around the disc D must be as shown in Figure 6 (a) because the boundary shown in
Figure 6 (b) has three components. Consider the core of the bands in B, as indicted
by the dark gray line in Figure 6 (a). It is an unknotted 2 component link L whose
components are unknotted such that K is the boundary of a surface obtained from
two untwisted bands which is a deformation retract of L by plumbing at one of the
crossings of L.
Conversely, let L be a 2 component link with unknotted components. L can be
represented with an untwisted band around each component. The two bands can
then be plumbed together at one of the crossings. The result is a surface with two
unknotted flat bands, whose boundary gives a flat 2-banded knot so long as it is not
the trivial knot. Therefore, the knot K is a flat 2-banded knot. 
The construction method in Theorem 4.3 can be used to establish a similar classi-
fication theorem for flat n-banded knots.
Example 4.4 and 4.5 respectively consider knots of genus 1 which are not 2-banded
knots and a 2-banded knots which is not flat 2-banded knots.
Example 4.4. Let K be a non-trivial knot. Let L be the Whitehead double of K. L
has genus 1 and band index is strictly greater than 2.
Proof. L has genus 1 and is spanned by a 2-band surface F lying inside a solid torus
neighborhood of K. The only unknotted curves in such a solid torus must lie inside
a ball in the solid torus, assuming that K is non-trivial. It is not possible to find two
independent unknotted curves spanning the homology H1(F ), since they would both
have to lie in a ball in the solid torus, and hence both represent 0 in the homology
group. However H1(F ) maps onto the homology of the solid torus under the inclusion
map. Therefore the band index of any Whitehead double is strictly greater than
2. 
Example 4.5. Let K1 be the trefoil and K2 be the figure eight knot. Then both have
band index 2 but neither have flat band index 2.
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BK= = B
D
Figure 8. The reverse parallel of any two-bridge knot K presented by
using three unknotted bands.
Proof. Figure 7 shows two 2-banded surfaces whose boundaries are the trefoil knot
and the figure eight knot. To show that these two knots are not flat 2-banded knot,
we consider Conway polynomials of flat 2-banded knots. Any knot with flat band
index 2 has a Seifert matrix A of the form
A =
[
0 k
k + 1 0
]
based on the flat bands where k is an integer. Its Conway polynomial is then 1−k(k+
1)z2. Neither the trefoil nor the figure eight knot, which both have band index 2, has
a Conway polynomial of this form because the Conway polynomials of the trefoil knot
and the figure eight knot are 1 + z2 and 1− z2. 
The exact flat band index of the trefoil knot and figure eight knot are given in
Example 5.5 and 5.9. As an explicit application, the reverse parallel of a k-bridge
knot should have a (2k − 1)-banded presentation for some framing of the knot. This
same method yields a presentation of the Whitehead double of the trefoil as a flat
4-banded knot. This method is illustrated in Example 4.6
Example 4.6. Any two-bridge knot K can be presented as the plat closure of some 4-
string braid B. A reverse parallel of K can then be given by the boundary of a band
along K. This technique allow the boundary of a banded surface with 3 unknotted
bands to be presented as in Figure 8.
5. Upper bounds for band index and flat band index
The existence of a banded surface and a flat banded surface of a given link L is
proved by Theorem 3.4. However, it was shown from (knotted) banded diagrams but
we could not locate the complete list of links’ banded diagrams. To find a banded
surface and a flat banded surface of a given link L, we consider more popular rep-
resentatives of links: braid representatives and canonical Seifert surfaces of the link.
Consequently upper bounds for band index and flat band index can be derived from
braid representations and canonical Seifert surfaces using the induced graphs.
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G(L(4, 4, 4))
Figure 9. A canonical Seifert surface of a pretzel link L(4, 4, 4) and
its corresponding induced graph G(L(4, 4, 4)).
5.1. Banded surfaces and band indices. An upper bound for the band index of
L can be obtained from its canonical Seifert surface as follow. First some terminology
is defined. A canonical Seifert surface is a Seifert surface F of a link L obtained by
applying Seifert’s algorithm to a link diagramD(L) as depicted in Figure 9. From such
a canonical Seifert surface, a (signed) graph G(L) can be constructed by collapsing
discs to vertices and half twisted bands to signed edges as illustrated in the right side
of Figure 9. This graph is called the induced graph of the canonical Seifert surface of
the link L. The number of Seifert circles (half twisted bands), denoted by s(F)(c(F)),
is the cardinality of the vertex set (edge set, respectively) of the induced graph G(L).
If the Seifert surface F is connected, its induced graph G(L) is also connected. For
terms in graph theory, we refer the readers to [9]. The number of edges of the spanning
tree of a connected graph with n vertices is n−1. A theorem giving the upper bound
of the band index of L can be derived from its canonical Seifert surface.
Theorem 5.1. Let F be a canonical Seifert surface of a link diagram S of L with s(F)
Seifert circles and c(F) half twisted bands. Let T be a spanning tree of its induced
graph G(L) which has exactly s(F)− 1 edges. Then there exists a banded surface B
of c(F)− s(F) + 1 bands whose boundary is L, i.e., the band index of L, is less than
or equal to c(F)− s(F) + 1.
Proof. Let D be the disc corresponding to the spanning tree T . For any half twisted
band t(e) with a sign ǫ(e) which is not a part of the disc D, i.e., an edge e in E(G)−T
in its induced graph G(L) a unique path W can be chosen in the spanning tree T
which joins the end vertices of the edge e. Let k be the sign sum of edges in the path
W . Then k + ǫ(e) has to be an even integer because F is an oriented surface. Let
ne =
k + ǫ(e)
2
. By sliding the half twisted band t(e) which represents the generators
of the homology of the surface, a banded surface B can be obtained and ne is the
number of full twists in the band presented by t(e). Since there are c(F)− s(F) + 1
edges in E(G)− T , its band index is less than or equal to c(F)− s(F) + 1. 
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Theorem 5.1 is applied in the calculation of the band index of the pretzel link
L(4, 4, 4) in the following example.
Example 5.2. The band index of the pretzel link L(4, 4, 4) depicted in Figure 9 is 2.
Proof. The shaded region in the figure is a Seifert surface of the link L(4, 4, 4). The
figure shows that s(F) = 11, c(F) = 12. By applying Theorem 5.1, the band index
of L is less than or equal to c(F)− s(F) + 1 = 12− 11 + 1 = 2. Recall that links of
the band index 1 have two components. Since L(4, 4, 4) has 3 components, it is not a
link of the band index 1 and its band index must be 2. 
Example 5.2 demonstrates the sharp inequality in Theorem 5.1. One can easily
observe that Example 5.2 can be generalized for all pretzel links of form L(2p, 2q, 2r)
that their band index is 2 by a similar proof. Later, Theorem 6.2 determines the band
index of all n-pretzel knots.
A banded surface can be found from the closure of a braid β in a classical Artin
group Bn. By applying the first Markov move, the conjugation in Bn, the braid β can
be assumed to be of the form β = (σ1σ2. . .σn−2 σn−1) W . This braid representative
can be used to find the following upper bound for the band index of the closed braid
β for which all the framings of bands are either 0 or 1.
Theorem 5.3. Let L be a closed n-braid β where the braid β can be written as
σ1σ2. . .σn−2 σn−1W and the length of the word W is m. Then the band index of L is
less than or equal to m, i.e. B(L) ≤ m.
Proof. First select a disc D which is obtained from n disjoint disks by attaching (n−1)
twisted bands represented by σ1σ2. . .σn−2 σn−1. For each letter in the word W , attach
a half twisted band to D which will represent a band in the desired banded surface.
Counting the linking number shows that each half twisted band corresponding to a
negative letter, σ−1i has framing 0 and each half twisted band corresponding to a
positive letter, σi has a framing 1. 
The figure eight knot demonstrates the sharp inequality in Theorem 5.3 as follow.
The figure eight knot is a closed braid of σ−1 1σ2σ
−
1 1σ2. In Theorem 5.3, we may choose
β of a form σ−11 σ2W and we obtain that the band index of the figure eight knot is
less than or equal to 2. Example 4.5 showed that the band index of the figure eight
knot is 2.
5.2. Flat banded surfaces and flat band indices. The key ingredients to con-
struct a flat band surface for a given link are Lemma 5.6 and the method to change
the sign of a twisted band by adding two flat annuli, illustrated in Figure 10, which
was first reported by R. Furihata, M. Hirasawa and T. Kobayashi [5].
First, a flat banded surface can be constructed from a closed braid representative
of a link L.
Theorem 5.4. Let L be a closed n-braid with a braid word σ1σ2. . .σn−2 σn−1W where
the length of W is m and W has s positive letters, then there exists a flat banded
surface F with m+ 2s bands such that ∂F is isotopic to L, i.e., FB(L) ≤ m+ 2s.
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Figure 10. Changing the sign of a twisted band by adding two flat annuli.
D
Figure 11. A flat 4-banded surface of the trefoil knot.
Proof. For a link represented by a closed braid, Theorem 5.3 shows that a banded
surface obtained from an m-string link with each framing on the strings is either 0
or 1 and that each string corresponding to a positive letter σi has a framing 1. To
replace this band of framing 1 by bands of framing 0, two extra flat bands can be
added as illustrated in the second figure of Figure 10. Once all the framings on the
bands are 0, a flat banded surface results. The addition of 2s extra bands for each
positive letter leads the total number of bands in the flat banded surface to be m+2s.
It completes the proof. 
The following example shows the sharp inequality in Theorem 5.4. A flat 4-banded
surface of the trefoil knot is illustrated in Figure 11.
Example 5.5. The flat band index of the trefoil knot is 4.
Proof. Example 4.5 shows that the flat band index of the trefoil knot is greater than
2. Since the trefoil knot is a 2 string closed braid (σ1)−3, we rewrite (σ1)
−3 by a braid
word σ1 (σ1)
−4 to apply Theorem 5.4. The braid word W = (σ1)
−4 is of the length 4
and has no positive letters. By Theorem 5.4, the flat band index of the trefoil knot
is ≤ 4. However, the number of components of the boundary of an n-banded surface
is always congruent to n+1 modulo 2 and the flat band index of the trefoil knot can
not be 3. Therefore, it is 4. 
The upper bound of the flat band index of a link L can be found from its canonical
Seifert surfaces. Obtaining a flat banded surface requires a careful choice of a disk
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Figure 12. A spanning tree and its an alternating sign on the spanning
tree with a root for the induced graph G(L(4, 4, 4)) in Figure 9.
D. The spanning tree of the induced graph of a closed braid is a path. Therefore,
there is no ambiguity about the choice of a spanning tree for a closed braid. This
is not necessarily so for a general canonical Seifert surface. However for the choice
of any spanning tree, an alternative label on the tree with respect to its depth from
an arbitrary prefixed root satisfies the desired property, as explained in the following
lemma.
Lemma 5.6. Let G be the induced graph of a Seifert surface. Let T be a spanning
tree with alternating signing with respect to its depth as depicted in Figure 12. Let e
be an edge in E(G) − T , the sign sum of the simple path in T which joins the end
points of e is either 1 or −1.
Proof. For any two points in a tree, there exists a unique simple path between them.
Let e be an edge in E(G) − T . Let P be the unique simple path in T which joins
the endpoints of e. Because of the orientability of the Seifert surface, the length of
this simple path must be odd and the sum of the signs on the simple path must also
be odd. Furthermore, if the path P does not pass the root, then the sum of the odd
number of the alternating signs must be either 1 or −1 depending on the parity of
the length of P . If P passes the root, the definitions of the tree and the alternating
sign show that it is a union of two paths of alternating signs: one which starts from
the root and the other which ends at the root. However, one has odd length and the
other has even length, possibly zero. Therefore, the sign sum of any path P joining
the end points of an edge e in E(G)− T is either 1 or −1. 
Lemma 5.6 leads to the following minimum. If the sign of an edge e in T does
not coincide with the sign of the edge in the alternating sign, then the link must be
isotoped by a type II Reidemeister move as shown in the left side of Figure 13. Since
the signs of all the edges in the spanning tree T can be reversed, the total number of
type II Reidemeister moves in the process is less than or equal to
⌈
s(S)− 1
2
⌉
. Let
β be the total number of type II Reidemeister moves in the process described above.
Set D as the disc corresponding to the spanning tree T as depicted in the right side
of Figure 13. For each edge e in E(G)−T , if the sign of the edge is different from the
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Figure 13. A modified link diagram from the alternating signs in Fig-
ure 12 and a disc corresponding to the spanning tree with the alternat-
ing signs.
sign sum of the edges in the path P which joins the endpoints of e, then the framing
of the band presented by the edge e is zero because the linking number of α+ and α
which is a union of the line representing e and the curve in D corresponds to the path
P in the spanning tree T . Otherwise, three flat bands must be added to make the
half twisted band presented by the edge e. Although two new edges are introduced
by the type II Reidemeister move, the sign of one edge is different from the sign sum
of the edges in the path P which joins the endpoints of e and the sign of the other
edge coincides. Therefore, there will be a total 4β bands arising from the type II
Reidemeister moves. Let γ be the total number of edges in E(G) − T whose signs
and sign sums of the edges in the paths which join the endpoints of the edges are the
same and contribute 2γ extra bands to obtain a flat banded surface. Since there are
c(S) − s(S) + 1 edges in E(G) − T , summarizing these facts, leads to the following
theorem.
Theorem 5.7. Let F be a canonical Seifert surface of a link L with s(S) Seifert
circles and c(S) half twisted bands. Let G be the induced graph of a Seifert surface
F . Let T be a spanning tree with alternating signing with respect to the depth of the
tree. Let β and γ be as described above. Then the flat band index of L is bounded by
c(S)− s(S) + 1 + 4β + 2γ, i.e.,
FB(L) ≤ c(S)− s(S) + 1 + 4β + 2γ.
Theorem 5.7 is directly applied to find an upper bound for the flat band index of
the pretzel link L(4, 4, 4) in the following example.
Example 5.8. The flat band index of the pretzel link L(4, 4, 4) is ≤ 22.
Proof. To apply Theorem 5.7, the diagram of L(4, 4, 4) is first modified as illustrated
in the left side of Figure 13. Then consider the disc D as shown in the right side
of Figure 13. this leads to c(S) = 12, s(S) = 11, β = 4 and γ = 2. By applying
Theorem 5.7, FB(L(4, 4, 4) ≤ 12− 11 + 1 + 4 · 4 + 2 · 2 = 22. 
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D
Figure 14. A flat 4-banded surface of the figure eight knot.
The following example shows the inequality in Theorem 5.4 and Theorem 5.7 fail
to achieve the equality for the figure eight knot.
Example 5.9. The flat band index of the figure eight knot is 4.
Proof. Since the figure knot is a 3 string closed braid (σ−11 σ2)
2, we ruse it to apply
Theorem 5.4 but we choose the disc D presented by σ−11 σ2 instead of σ1σ2 in the
theorem. The braid word W = σ−11 σ2 is of the length 2 and each one has the same
sign of the word representing the disc, i.e., s = 2. By Theorem 5.4, the flat band
index of the trefoil knot is ≤ 2 + 2 · 2 = 6.
To apply Theorem 5.7, we consider the standard diagram of the figure eight knot
and its canonical Seifert surface. Then consider the disc D which is obtained from
three Seifert discs attached by any pair of half twisted bands of different signs, this
leads to c(S) = 4, s(S) = 3, β = 0 and γ = 2. By applying Theorem 5.7, the flat
band index of the figure eight knot is ≤ 4− 3 + 1 + 4 · 0 + 2 · 2 = 6.
Example 4.5 shows that the flat band index of the figure eight knot is greater than
2. Since the boundary of an n-banded surface has at most n + 1 components, and
the number of components is always congruent to n + 1 modulo 2, the flat index of
the figure eight knot has to be either 4 or 6. However, a flat 4-banded surface of the
figure eight knot is illustrated in Figure 14. 
6. Relationship between band indices and genera of links
Band index can be related with one of the classical link invariants. First recall some
definitions. The genus of a link L, denoted by g(L), is the minimal genus among all
its Seifert surfaces. A Seifert surface F of L with the minimal genus g(L) is called
a minimal genus Seifert surface of L. A Seifert surface of L is canonical if it can be
obtained from a diagram of L by applying Seifert’s algorithm. The minimal genus
among all canonical Seifert surfaces of L is the canonical genus of L, denoted by gc(L).
A Seifert surface F of L is free if the fundamental group of the complement of F ,
π1(S
3 − F) is a free group. The minimal genus among all the free Seifert surfaces of
L is the free genus of L, denoted by gf(L). Since any canonical Seifert surface is free,
the following inequalities arise.
g(L) ≤ gf(L) ≤ gc(L).
These inequalities can be used to obtain many useful results [3, 4, 15, 20, 21, 24]. The
band index first requires the following lemma.
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p1 p2 p3 . . . pn−1 pn
Figure 15. An n-pretzel link L(p1, p2, . . . , pn)
Lemma 6.1. Let L be a link, let l be the number of components of L. Then the band
index of L is bounded as,
2g(L) + l − 1 ≤ B(L) ≤ 2gc(L) + l − 1.
Proof. Let V,E and F be the numbers of vertices, edges and faces, respectively in a
minimal canonical embedding of G(L). From Theorem 5.1, B(L) ≤ c(F)−s(F)+1 =
E − V + 1 = (E − V − F ) + F + 1 = 2gc(L)− 2 + F + 1 = 2gc(L) + F − 1. Since a
band surface is a Seifert surface of L, the first inequality follows from the definition
of the genus of L. 
Consequently, the following theorem arises.
Theorem 6.2. If L is a link of l components and its minimal genus surface of genus
g(L) can be obtained by applying Seifert algorithm on a diagram of L, i.e., g(L) =
gc(L), then B(L) = 2g(L) + l − 1.
There are many links with coincident genera and canonical genera such as alternat-
ing links and closures of positive braids. The band index of such links can be found
by Corollary 6.2. An example is the class of pretzel links illustrated in Figure 15. The
genera of pretzel links are known [8] and their genera and canonical genera have been
shown to be the same [14]. Therefore, the band index for the following pretzel knots
can be found.
Corollary 6.3. Let K(p1, o2, o3, . . . , on) be an n-pretzel knot with one even p1. Let α
=
∑n
i=2 sign(oi) and β= sign(p1). Suppose |p1|, |oi| ≥ 2. Let
δ =
n∑
i=2
(|oi| − 1).
Then the band index B(K) of K,
B(K) =


δ + 2 if n is odd and α 6= 0,
δ if n is even and α = 0,
|p1|+ δ if n is even and α + β 6= 0,
|p1|+ δ − 2 if n is even and α + β = 0.
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The band indices of pretzel links of different shapes can be similarly found but they
are omitted here since they are simple consequences of Theorem 6.2.
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